We study the effect of a strong magnetic field on the proton and neutron spin polarization and magnetic susceptibility of asymmetric nuclear matter within a relativistic mean-field approach. It is shown that magnetic fields B ∼ 10 16 -10 17 G have already noticeable effects on the range of densities of interest for the study of the crust of a neutron star. Although the proton susceptibility is larger for weaker fields, the neutron susceptibility becomes of the same order or even larger for small proton fractions and subsaturation densities for B > 10 16 G. We expect that neutron superfluidity in the crust will be affected by the presence of magnetic fields.
I. INTRODUCTION
A well grounded understanding of the properties of isospin asymmetric nuclear systems, such as nuclei far from the stability valley or astronomical objects like neutron stars, is crucial for the advancement of both nuclear physics and astrophysics [1] [2] [3] [4] . A major experimental and theoretical effort with significant progress has been carried out over the last years (see e.g., Ref. [1] and references therein) in the study of the properties of isospin-asymmetric nuclear systems. Laboratory experiments, such as those recently performed or being planned in existing or next-generation radioactive ion beam facilities, are providing crucial information on the isospin dependence of the nuclear force from a large number of heavy ion collision and nuclear structure observables. Complementary information can be extracted from the observation of neutron stars, which open a window into both the bulk and microscopic properties of nuclear matter at extreme isospin asymmetries.
Neutron stars, most of which are detected as pulsars, have strong surface magnetic fields which can reach values of the order of 10 14 − 10 15 G in the case of the so-called magnetars 1 that may grow by several orders of magnitude in dense interior of the star. Despite the great theoretical effort of the last forty years, there is still no general consensus regarding the mechanism to generate such strong magnetic fields in a neutron star. The field could be a fossil remnant from that of the progenitor star [6] , or alternatively, it could be generated after the formation of the neutron star by some long-lived electric currents flowing in the highly conductive neutron star material [7] . From the nuclear physics point of view, however, one of the most interesting and stimulating mechanisms that has been suggested is the possible existence of a phase transition to a ferromagnetic state at densities corresponding to the theoretically stable neutron stars and, therefore, of a ferromagnetic core in the liquid interior of such compact objects. Such a possibility has long been considered by many authors within different theoretical approaches (see e.g., ), but results were contradictory. Therefore, a complete understanding of the magnetic properties of neutron stars and, more generally, of that of isospin asymmetric nuclear matter, requires the study of nuclear matter under the influence of magnetic fields.
Particularly interesting is the study of the magnetization of matter due to the presence of a magnetic field. Whereas the magnetization of symmetric nuclear matter and pure neutron matter has been studied by several authors [33] [34] [35] [36] [37] [38] , the magnetization of β-stable neutron star matter has, however, received less attention in the literature. In Ref. [39] , for instance, the magnetization of β-stable matter was extensively studied for a single component electron gas and for the crust matter of neutron star. This study was latter generalized by Broderick et al. [40] by including also the contribution of neutrons and protons. Recently, Dong et al., [41] have studied the effect of density dependence of the nuclear symmetry energy on the magnetization of β-stable matter. These authors concluded that the magnetic susceptibility of charged particles (protons, electrons and muons) can be larger than that of the neutron, and that the anomalous magnetic moment of the protons enhances their magnetic susceptibility to the point that it can be one of the main contributions and, therefore, should not be neglected. They also show that the proton magnetic susceptibility is sensitive to the density dependence of the nuclear symmetry energy, namely to the isospin content of the nuclear force.
In this work we study the magnetization of spin polarized isospin asymmetric nuclear matter at zero temperature by using a relativistic mean field approach. The scope of this work is threefold: (i) to determine under which conditions of density, isospin asymmetry matter and magnetic fields matter is totally polarized, (ii) to compare under such conditions the proton and neutron magnetic susceptibilities, and finally (iii) to determine which is in each case the most energetically favorable spin configuration. The density dependence of the energy of the system and its pressure, as well as its compressibility is analyzed for different proton fractions and magnetic fields. Special attention is paid to those conditions of interest for stellar matter. In addition, the role of the proton anomalous magnetic moment is investigated in detail.
The paper is organized in the following way. A short review of the formalism is presented in Sec. II. In Sec. III we present explicit expressions for the magnetization of each nucleonic species, as well as for their differential susceptibilities. The results are shown and discussed in Sec. IV. Finally, a short summary and our main conclusions are given in Sec. V.
II. THE FORMALISM
To describe nuclear matter in a external uniform magnetic field B along the z-axis, we employ a relativistic mean field (RMF) approach, in which the nucleons interact via the exchange of σ, ω and ρ mesons. The total interacting Lagrangian density of the non-linear Walecka model (NLWM) has the form
The nucleon (N =n, p) Lagrangian density, including meson-nucleon interacting terms, and the meson (σ, ω and ρ) Lagrangian density are, respectively, given by
and
In the above expressions, Ψ N are the nucleon Dirac fields, the nucleon mass is denoted by m, τ are the isospin Pauli matrices, and µ N is the nuclear magneton. The nucleon anomalous magnetic (AMM) moments are introduced via the coupling of the baryons to the electromagnetic field tensor with σ µν = i 2 [γ µ , γ ν ] and strength κ N , with κ n = −1.91315 for the neutron and κ p = 1.79285 for the proton, respectively. The mesonic and electromagnetic field strength tensors are given by their usual expressions:
The photon field A µ is taken as (0, 0, Bx, 0) in such a way that the external magnetic field B is aligned with the z-axis. The electromagnetic field is assumed to be externally generated (and thus has no associated field equation), and only frozen-field configurations will be considered. The nucleon-meson couplings are denoted by g and the electromagnetic couplings by q. The parameters of the model are the nucleon mass m N , the masses of mesons m σ , m ω , and m ρ , and the nucleon-meson couplings. The self-interaction term with coupling constants c σ and λ for the σ meson are introduced. The RMF parametrization employed in this work is the FSUGold [42] where two more parameters ξ and Λ ω have been introduced: ξ to describe the ω−meson self-interactions, which softens the equation of state at high density, and Λ ω , a nonlinear mixed isoscalar-isovector term which modifies the dependence of the symmetry energy.
The FSUGold model has been chosen because it is frequently applied in the description of nuclear matter and stellar hadronic matter [43] . Although, FSUGold is too soft at large densities and it is not capable of describing a 2 M ⊙ neutron star, we expect it will describe well nuclear matter below 3ρ 0 , the range of densities we will analyze.
From now we take the standard mean-field theory approach and display only some of the equations needed for this study. A complete set of equations and description of the method can be found in the literature (e.g., Ref. [40, 44, 45] ). For the description of the system, we need the the energy density of nuclear matter, the pressure and the baryonic density. The energy density of nuclear matter can be expressed as
and the pressure of the system is obtained from the thermodynamical relation
The proton and neutron chemical potentials read
where E 
where ν = n + 
with m * the nucleon effective mass given by
The proton and neutron densities are given by
where the summation over the index ν in the expression for the proton density starts from 0 (1) for spin-up (spindown) protons and runs up to the largest integer for which the square of the Fermi momentum of the proton is still positive. This maximum value of ν is defined by the ratio
Finally, the proton and neutron energy densities ε p and ε n that enter the total energy density (4) are given by
III. MAGNETIC SUSCEPTIBILITY
The magnetization of nuclear matter defined as the derivative of the energy density with respect to B, at constant baryonic density ρ and fixed proton fraction Y p , can be written as
Note that, since the density and the proton fraction is considered fixed, there is no contribution from the meson fields to the magnetization in this case. The proton magnetization, M p , is given by [40, 41, 46 ]
pνs ln
wherem pνs is defined asm
withm
The magnetization of the neutrons M n reads
The differential magnetic susceptibility of nuclear matter is calculated from the derivative of the magnetization with respect to the field B for proton and neutron, at constant baryonic density
For the proton we obtain the expression
whereas for the neutron we have
At small values of the magnetic field B, we derive for the magnetization expressions similar to the ones derived in the non relativistic approach of Ref. [35] . We get for the proton spectrum
where k zνs is the component of the momentum parallel to the magnetic field. For the proton energy density we obtain in this limit
Therefore, the expression the proton magnetization reads
from which, finally, we obtain the following approximated expression
where the quantitiesκ p , W p , L and n p are defined as
For the neutron magnetization we proceed in a similar way. Some details are given in the following. The interested reader is referred to Ref. [36] for a complete derivation. In the same fashion at small B, we get for the neutron spectrum
where k z,s and k ⊥,s are the components parallel and orthogonal to the magnetic field. For the neutron energy density we obtain
with
being the spin asymmetry density for the neutron. The following expression
is obtained for the neutron magnetization. We notice that this approximated expression was used for β-equilibrated stellar matter in Ref. [41] .
IV. RESULTS AND DISCUSSION
In the following we present and discuss the results obtained for nuclear matter under a strong magnetic field within the FSUGold parametrization of the NLW model [42] . We extend our analysis to baryon densities up to three times saturation density, and magnetic field intensities within the range 10 15 G B 10 19 G in order to identify the sensitiveness of the strength of the magnetic field.
Spin-polarized isospin asymmetric nuclear matter can be seen as an infinite nuclear system composed by protons and neutrons. Each particle species, i = n, p, has two different fermionic components: particles with spin-up (↑) and particles with spin-down (↓), having number densities ρ ↑ i and ρ ↓ i , respectively. The degree of spin polarization of the system can be studied through the relative polarization of the particle species i, defined by
Note that for small values of the magnetic field, the relation ∆ i = ρ i W i is fulfilled, with the quantities W p and W n defined previously. Note also that the value ∆ n = ∆ p = 0 corresponds to non-polarized (i.e., ρ In Fig. 1 we show the neutron relative polarization ∆ n in terms of the neutron density (left panel), and the proton relative polarization ∆ p as function of the proton density (right panel). Results for both different magnetic field intensities from B = 10 17 G to B = 5 × 10 18 G, and different proton fraction, Y p = 0.1, 0.3, 0.5, are plotted. Decreasing proton fractions are depicted with increasing line width. It should be pointed out that due to the fact that only the neutron or the proton densities are shown, changing the proton fraction changes also the total density: a given neutron density for neutron rich matter is attained at lower total densities than the same neutron density for symmetric matter.
We first discuss the results shown in the left panel of Fig. 1 for the neutron polarization. In this range of fields, for very low densities, neutrons are totally polarized, (i.e. ∆ n = −1), up to a critical density above which they become partially polarized. This is in agreement with other calculations of pure neutron matter (see i.e., Refs. [34, 35, 37, 38] ). Neutrons have always a negative polarization due to the different sign of its coupling to the electromagnetic field with respect to that of the protons. By increasing the value of the magnetic field at a fixed proton fraction the critical neutron density increases. It is also seen that the critical neutron density is larger for the more asymmetric and neutron richer matter, corresponding to a smaller total nucleon density. The same is true for polarized proton matter, see The critical density depends on the proton fraction because changing Y p is equivalent to changing the neutron fraction, and the larger the density the more difficult to polarize neutrons completely. For a magnetic field of the order of 10 17 G neutrons are totally polarized only at very small densities, and for neutron densities above 0.02ρ 0 the partial polarization of neutrons is below 10%. This low degree of polarization is due to its weak anomalous magnetic moment. In the panel (b) of Fig. 1 the relative proton polarization is plotted for symmetric matter without AMM. Once more, for very low densities, protons are totally polarized with ∆ p = 1, up to a critical density, where they become partially polarized with predominance of spin-up states, i.e. 0 < ∆ p < 1. The critical density increases with B. In the panel (c) the AMM is included. The overall behavior does not change. Decreasing the proton fraction from 0.5 to 0.1, the critical proton density decreases, associated with the increase of the total density.
In Fig. 2 we make a more careful analysis of the proton critical density as function of the magnetic field, with and without AMM and for two values of the proton fraction Y p = 0.1 and 0.5. Protons are totally polarized on the region below the lines of critical proton density. If no AMM is included total polarization occurs when eB > k
however, with AMM the following conditions should be satisfied, k p F 2 < |4µ N κ n B| m * 2 + 2eB for stronger fields or k p F 2 < |2µ N κ n B| m * 2 + 2eB + m * 2 + 4eB − 2eB for weaker fields. The AMM favors the polarization so that the critical density is larger when the AMM is taken into account. For fields of the order of 10 16 G this difference is almost one order of magnitude larger, while at B = 10 19 G the difference reduces to a factor of two. We conclude, therefore, that a realistic calculation must include the AMM. The effect of the isospin asymmetry on the critical proton density is related with the filling of the Landau levels, which as referred before, depends on the total baryonic density.
In Fig. 3 we show the energy per particle, defined by E/A = ε ρ − m, as a function of the baryon density, for several values of the magnetic field, and for Y p = 0.1, 0.3, and 0.5. The curves corresponding to the smaller field intensities (B ≤ 10 17 G) are superimposed with the results obtained for B 10 17 G. In Ref. [35] , results obtained with 10 14 < B < 10 18 G also practically coincide, however, they are lower than the prediction for B = 0. This could be due to some difference in the parametrization or normalization in the calculation done with B = 0.
Ignoring the AMM (left panels), it is seen that in average the effect of the magnetic field is to increase the binding of the nuclear matter, and the effect is stronger for more symmetric matter. The AMM has a strong effect for larger values of the magnetic field. Note that for B 10
18 G there are already noticeable effects at densities ρ 0.25ρ 0 . For stronger magnetic fields, the effect of the AMM leads clearly to an increase of the binding energy per particle.
Several authors have studied neutron matter under the effect of strong magnetic fields within different frameworks and interactions. such as e.g., the Gogny interaction [31, 32] . Recently, the authors of Ref. [38] have used both microscopic, namely the Brueckner-Hartree-Fock approach with the Argonne V18 nucleon-nucleon potential supplemented with a three body force, and phenomenological approaches, in particular an effective Skyrme model in a Hartree-Fock description and a mean-field quantum hadrodynamical formulation with the FSUGold parametrization. In the following we will present neutron matter properties and discuss how they change with the intensity of the magnetic field. In order to discuss the global state of polarization and bulk thermodynamical properties of pure neutron matter, we show in Fig. 4 : (i) the neutron critical density corresponding to the transition from totally polarized as well as lines of partial polarization (50% and 10%) as a function of the magnetic field (panel (a)), (ii) the energy per particle (panel (b)), (iii) the nucleonic pressure P (panel (c)), and (iv) the compressibility K (panel (d)), the last three quantities as a function of the total density for several magnetic field intensities.
Just as before we have discussed for protons, the neutron critical density is an increasing function of the magnetic field and the critical density is defined imposing that the single particle energy of neutrons is smaller than the energy required to start populating the neutron spin up levels. This limit is defined by k n F 2 4m * < |µ N κ n B| . A magnetic field B = 3 × 10 16 G has already a noticeable effect: a polarization of 10% is expected at ρ n = 0.001 fm −3 and 50% for ρ n = 0.0001 fm −3 . These are neutron densities of the order of the ones existing in the background neutron gas in the pasta phases of the inner crust.
From panel (b) of Fig. 4 , it is seen that the effects due to magnetic fields start to be significant only for B 10 18 G at low baryon densities. For B 10 17 G neutron matter is not bound, as expected, because the magnetic field is too weak to have any effect on it. However, the binding increases when the intensity of the magnetic field grows, and for B = 10
19 G pure neutron matter is bound up to ∼ 1.5 times saturation density. These results agree with the ones of [38] .
The pressure in pure neutron matter is shown as a function of the baryonic density for several values of magnetic field in panel (c). Only the region corresponding to densities below the saturation density is plotted to show clearly the transition from totally polarized to partially polarized neutron matter. The pressure increases monotonically, showing, however, a softening at the onset of partially polarized matter. This transition is clearly seen on the isothermal compressibility K, defined through the first derivative of the pressure, i.e.
For each value of B, K presents a kink at the critical density. We next focus on the neutron magnetic susceptibility of asymmetric nuclear matter. In the following we will consider both the magnetic susceptibility defined by the ratio M n /B and the differential susceptibility χ n . The dependence of the neutron magnetic and differential susceptibility on the magnetic field intensity is shown on, respectively, the left and right panels of Fig. 5 . Results are shown for different total densities and proton fractions. As already found in Ref. [38] the magnitude of the neutron susceptibility is very small, χ n < 0.0015 for FSU. Two different regimes are identified. In the low-field region corresponding to partially polarized matter, B 3 × 10 18 G, M n /B and χ n exhibit a plateau. Beyond a threshold magnetic field, M n /B decreases, showing a change of the slope, clearly seen as the kink in χ n which occurs at the transition from totally polarized to partially polarized matter. Above this critical magnetic field there is a strong decrease of the susceptibility. The neutron susceptibility decreases if the neutron fraction decreases and has a non-monotonic behaviour with the density, increasing until ∼ ρ 0 and decreasing above this density for the lower magnetic field intensities. This is clearly seen in Fig. 6 where we show the magnetic M n /B (panel (a)) and the differential χ n (panel (b)) neutron susceptibility as function of the baryon density, for several values of the magnetic field, and for a fixed proton fraction Y p = 0.5. At low densities M n /B practically does not change for B < 10 18 G. For larger densities this range increases to fields one order of magnitude larger. M n /B increases linearly with ρ at low densities when neutrons are totally polarized. At densities above the transition from totally polarized to partially polarized neutron matter, it continues increasing until a plateau is reached at high densities which corresponds to the limit when the terms with the magnetic field
However, this value not always corresponds to the maximum of the magnetization for weak fields. For fields below 10 18 G the maximum occurs at ∼ 0.5 − 1.0ρ 0 before the plateau is attained.
The change of slope seen in M n /B corresponds to the kinks shown in the differential susceptibility χ n . We also show the ratio M n /B in the non-relativistic limit, and contrary to the relativistic result the susceptibility does not saturate but increases monotonically with the density. The authors of Ref. [41] have obtained this same increasing trend applying precisely the non-relativistic limit of the ratio M n /B. A similar behaviour was also obtained in Ref. [38] with the Skyrme interaction, but in this case it could be that this is due to the properties of most Skyrme forces that predict a phase transition to a ferromagnetic phase at suprasaturation densities. We now discuss the proton magnetization and compare it to the neutron one. The proton and neutron magnetic susceptibilities are presented in Fig. 7 as a function of the density for asymmetric nuclear matter under different intensities of the magnetic fields and for two proton fractions, Y p = 0.1 (left) and 0.3 (right). The results without AMM (black solid line) are shown, respectively, in panels (a) and (c) for B = 10
15 G and B = 10 17 G, whereas those with AMM (red dotted line) are plotted in panels (b) and (c) for the same fields. In panels (e) and (f) the different curves are for B = 10
18 G (black solid line), 3 × 10 18 G (red dashed line) and 10 19 G (blue dotted line), without/with AMM (thin/thick lines). In all the panels the neutron susceptibility is plotted with a green dashed curve. Please notice that the scale changes and the largest susceptibilities occur for the smallest magnetic fields.
The susceptibility curves for protons, at different magnetic fields, present the well-known de Haas van Alphen oscillations associated to the change in the number of Landau levels contributing at different fields. The filling of the levels becomes more complicated if the AMM is included and this is seen in the more complex structure of the magnetic susceptibility calculated with AMM, see bottom panel. Some of the main conclusions that may be drawn from these figures are: a) the proton magnetic susceptibility decreases much more strongly with B than the neutron magnetic susceptibility, and if B changes from 10 15 G to 10 17 G its magnitude changes by almost an order of magnitude, and the same if B changes from 10 17 G to 10 19 G, while the neutron susceptibility is practically unchanged; b) the inclusion of the AMM may increase the proton susceptibility by a factor of two or more; c) at low densities the proton and neutron magnetic susceptibilities are of the same order of magnitude and the fraction of protons defines how important is each contribution; d) for Y p = 0.1 the neutron susceptibility is even larger than the proton one for subsaturation densities, such as the ones occurring in the crust of a neutron star.
In order to better understand the behaviour at low densities we plot in Fig. 8 the magnetic susceptibilities for subsaturation densities and fields B ≤ 10 17 G. These are field intensities that could exist in the inner crust of a magnetar. In fact, in the inner crust of a neutron star the background neutron gas will have densities that goes from zero to ∼ 0.5ρ 0 . For neutron rich matter with Y p = 0.1 and 0.3 the neutron and proton susceptibilities are of the same order of magnitude. This is matter that is totally or partially polarized as can be seen looking at 
B = 10
17 G the proton polarization is almost 100% but the neutron polarization is one order of magnitude smaller. The magnetic susceptibility is larger for partially polarized matter and, although, at ∼ 0.5ρ 0 the maximum neutron magnetic susceptibility is attained for fields below 10 18 G, at ∼ 0.02ρ 0 it has already a magnitude that is half of the maximum value. We expect that neutron polarization will affect the superfluidity of neutrons reducing its fraction.
The effect of the proton fraction on the nucleon susceptibilities is also seen in Fig. 9 where these quantities are plotted as a function of the magnetic field intensity for several proton fractions and for ρ = ρ 0 . Neglecting the AMM contribution makes the proton susceptibility go to zero as soon as only the first Landau level is occupied, and protons are totally polarized. This is expected taking the large B limit of Eq. (23) with κ p = 0. For Y p = 0.1 the neutron susceptibility is of the order of the proton one or larger for B > 10 17 G. Very strong oscillations occur for the weaker fields (or larger densities) but if an averaging is done as in [46] the average proton susceptibility would probably be of the order of the neutron one also for these fields (and densities). We also conclude that it is important to take into account AMM even for fields as small as 10 16 − 10 17 G. We have obtained an overall agreement with the conclusions obtained in previous works [40, 41] , in particular, that the total magnetization decreases with an increasing magnetic field and that its magnitude is quite small.
V. SUMMARY AND CONCLUSIONS
In the present work we have studied the proton and neutron polarization and magnetic susceptibility of asymmetric nuclear matter within a relativistic mean-field approach, in particular, the FSUGold parametrization.
The calculations were performed at a fixed proton fraction, and for the proton results with and without AMM were compared. We have calculated independently the proton and the neutron magnetic susceptibilities and compared their magnitudes. Both of them are quite small indicating that the magnetization induced by an external magnetic field is weak. Similar conclusions have been obtained in [40, 41] .
The proton susceptibility oscillates very strongly due to the filling of Landau levels and decreases with an increasing magnetic field. It was shown that at subsaturations densities the susceptibility calculated including the AMM may be several times larger than the results obtained when it is ignored, for magnetic fields with an intensity larger than ∼ 5 × 10 16 G, and, therefore, it is important to take into account AMM for fields in the range 10 16 − 10 17 G. The neutron susceptibility has a behaviour very different not only because it does not oscillate since the neutron has zero electric charge but also because at large densities it converges to a value that is independent of the magnetic field while the proton susceptibility increases with the density for a fixed value of B. However, it was also shown that in the non-relativistic limit neutron susceptibility increases monotonically with density. We have shown that at low density and for small proton fractions the neutron susceptibility may be as large as the proton one or even larger.
We have also calculated the transition density from partially to totally polarized matter as a function of the magnetic field intensity and it was shown that neutron matter is totally polarized by a field 6 × 10 16 G and ρ = 0.0001 fm −3 . The same field will also totally polarize the protons of asymmetric nuclear matter at ρ = 0.002 fm −3 with Y p = 0.1. This behaviour occurs for densities of relevance in the neutron star crusts and we expect that neutron superfluidity and transport properties of the crust will be affected by the presence of magnetic fields at least as strong as 10 16 G. This has been studied for the opacity e.g., in Ref. [47] .
